Abstract. We apply the tree-pattern enumeration formulae of [7] , and a new extension thereof, to some recent enumerations of distributions of leaves in ordered trees [4] and in bicolored ordered trees [5] , and of distributions of certain subpaths in Dyck lattice paths [22] .
Introduction
Several recent lattice-path and tree enumerations are amenable to the generic pattern enumeration formula we gave in [7] , which is based on Dvoretsky and Motzkin's Cycle Lemma [10] (call "penetrating analysis" in [15] ; see [8] ). Specifically, we show here how Sun's enumeration [22] of Dyck lattice paths with a given number of subsequences րցր (udu) can be solved in this manner, and how a convenient extension of our pattern formula applies to the enumeration by Chen, Deutsch, and Elizalde [4] of ordered trees with given numbers of eldest and noneldest childless children (leaves). We also show how to apply the extended formula to count trees with given distributions of leaves on odd and even levels, as done by Clark, McCanna, and Székely [5] .
We review the pattern enumeration of [7] in the next two sections, and then extend it in Section 4. Our main result, Theorem 4.1 below, counts occurrences of a multiset of patterns in ordered trees, or in other Catalan structures (see Figure 1 ). Tree patterns are specified by subtrees with empty slots that can be filled with leaves and/or with larger subtrees, as well as gaps that can be filled by a series of subtrees (see Figure 2 ).
These formulae are applied to the problems of Sun [22] , of Chen, Deutsch, and Elizalde [4] , and of Clark, McCanna, and Székely [5] in Sections 5, 6 , and 7, respectively. Section 7 includes a new bijection between ordered trees, mapping odd-level nodes to internal nodes, and even-level internal nodes to leftmost leaves.
In the concluding section, the correspondence between the lattice-path enumeration of [22] , the ordered-tree enumeration of [4] , and the bicolored tree enumeration of [5] is explicated. 
Pattern Formulae
Ordered trees (that is, plane-planted trees with a root whose children are also ordered in sequence) may be defined as follows:
meaning a bracketed sequence of zero or more ordered trees. In other words, T is the set of non-empty balanced bracketed expressions, where the first open bracket matches the last close bracket. See Figure 1 (a). A subtree of t ∈ T is any subsequence of t that is itself a tree in T . Ordered trees are counted by the Catalan/Segner [2, 19] numbers, and are in one-one correspondence with many other combinatorial structures. See [12] and Figure 1 . Patterns come in four basic shapes: △, ♦, , and ••• . The plain triangle pattern △ matches any subtree, a lozenge ♦ corresponds to any tree leaf , a dark triangle matches any non-leaf subtree (that is, a subtree rooted at an internal node), and an ellipsis ••• can match any sequence of (zero or more) subtrees. So, the pattern △ matches any subtree matched by either ♦ or .
Base patterns can be composed to form more complicated shapes. Thus, tree patterns have the following grammar:
where P + means one or more patterns P , in sequence. See Figure 2 . A composite pattern p 1 · · · p q matches a tree t 1 · · · t n if the latter's immediate subtrees t 1 · · · t n can be divided into q (possibly empty) subsequences t 1 · · · t k1 · · · t k2 · · · t kq = t n of trees, such that each p i (i = 1, . . . , q) matches the subsequence t ki−1+1 · · · t ki (k 0 = 0). Of course, only the ellipsis pattern ••• can match a subsequence of more than one subtree (or even the empty sequence of zero subtrees). For example, the pattern ♦ ••• , depicted in Figure 2 (a), matches any tree whose root has two or more children, the youngest (rightmost) having children, but the eldest (leftmost) still childless (a leaf). Thus, it matches the tree t, depicted in Figure 1(a) . Clearly, the same tree can match many different (base and composite) patterns. In fact, t is also matched by the patterns in Figure 2 (b,c) but not by that in Figure 2 (d).
There may be many ways to divide n subtrees into q subsequences when a pattern has more than one ellipsis. For instance, ♦••• △••• (Figure 2(b) ) matches t in two ways, for each of the two younger children. A pattern occurs in a tree if it matches any subtree; for example, Figure 2(b) ) also occurs at the youngest child of the root of t (Figure 1(a) ). A multiset (bag) of patterns occurs in a tree if the patterns match disjoint subtrees. The singleton set { ♦♦ } of patterns appears exactly once in t, while {♦, ♦} appears six times, once for each choice of two of the leaves. The disjointness requirement means that no tree node nor edge may be part of more than one pattern matchthough triangles (plain △ or dark ) of one pattern can be at the root of an occurrence of another pattern. Thus, the pattern multiset {p, p} occurs only twice in t: one p at the youngest child and the other at the root in either of two ways.
The number of edges in a pattern is equal to the total number of left (or right) brackets-excluding the first one, plus the total number of triangles, △ or , plus the total number of leaf patterns ♦. In other words, the number of edges e(p) in a (non-ellipsis) pattern p is obtained, recursively, as follows:
For example, the four patterns in Figure 2 comprise a total of e = 2 + 2 + 3 + 4 = 11 edges. Let p 1 , . . . , p q , be some patterns and let their desired multiplicities of occurrence in a tree be n 1 , . . . , n q , respectively. Let m = Σn i be the total number of these patterns, and let e be the total number of edges in the m patterns.
In [7] , we provided a pattern enumeration formula
for the number of occurrences of such a multiset of m = n i patterns among all n-edge ordered trees. Here, d is the number of plain triangles △ in the patterns, s is the number of ellipses ••• , and u = n + d − e + 1. Non-leaf patterns were not treated in [7] .
This formula can be used to calculate various tree statistics.
Example 2.1. A simple one-pattern case of this formula establishes the expected number of nodes in an ordered tree that are "eldest" leaves (leftmost childless children). The pattern
for the total number of left leaves among all n-edge trees. The number of trees is the Catalan number [13] ,
2n n (see [20, A000108] ); so there are, on the average,
left leaves in a tree with n edges (and n + 1 nodes). Similarly, the average number of "younger" (non-leftmost) leaves is counted by taking
Here, the leaf subpattern ♦ contributes to the count for each non-leftmost leaf-child of the node matching
The following is an easy observation:
Lemma 2.2. In any ordered tree, the number of left leaves is one more than the number of non-left internal nodes.
It follows by symmetry that right leaves and non-right internal nodes, excluding the root, are equinumerous.
Proof. We give two proofs, one geometric and one algebraic:
A. From each left leaf, travel up left edges as far as possible, reaching the root or some non-left internal node. In the reverse, from the root or any non-left internal node, one can travel down left edges until encountering the corresponding left leaf. B. Suppose there are i internal nodes, ℓ left leaves, and k left non-root internal nodes. Since every internal node has exactly one left child, i = ℓ + k. Hence ℓ = i − k, which is one more (for the root) than the number of non-left internal nodes.
It follows that left leaves, right leaves, left/right internal nodes, non-left/nonright leaves/internal nodes are all almost equally distributed among ordered trees with the same number of edges. All eight cases occur at about one-fourth of the nodes. See the previous example.
Tree Enumerations
The rest of this paper is concerned with counting trees, rather than pattern occurrences.
When the patterns are such that there can be no more than one occurrence of the multiset of patterns in any one tree, then the above formula (2.1) counts trees. This is the case, in particular, when the patterns include all the nodes in the tree being counted (m + e − d = n + 1), and different patterns do not overlap each other. The latter condition precludes, for instance, sibling ellipses, like ••• △••• , which can occur multiple times at the same subtree.
Example 3.1. The number of ordered trees with n edges, ℓ leaves, and no unary or binary nodes is counted by the number of occurrences of n 1 = ℓ leaf patterns ♦ and n 2 = n + 1 − ℓ patterns △△△••• for nodes of (out-) degree at least 3. We have e = d = 3n − 3ℓ + 3, s = n + 1 − ℓ, and m = u = n + 1, giving
Summing over ℓ, for n+3 2 ≤ ℓ ≤ n, counts all n-edge trees sans unary and binary nodes. For n = 3, 4, . . . , this is: 1, 1, 1, 4, 8, 13, 31, 71, 144, 318, 729, 1611, 3604, 8249, . . . . Note that this also counts the number of sequences of n natural numbers, excluding 1 and 2, such that the sum of every prefix is no more than its length. 
When patterns include all the nodes and all the edges in the tree (e = n, m = u = d + 1, and s = 0), enumeration (2.1) simplifies to just
This generalizes [11] and [23] , which consider patterns representing the degrees of the nodes only.
Example 3.3. The number of "0-1-2" ("unary-binary") trees (with maximum outdegree 2) with n edges and ℓ leaves, and, hence, ℓ − 1 binary nodes and n − 2ℓ + 2 unary nodes, is 1 n+1 n+1 ℓ,ℓ−1,n−2ℓ+2 ( [9] ; cf. [18] ). Summing over ℓ, we get
for the total number of 0-1-2 trees with n edges, which is the nth Motzkin number [20, A001006] . (A different derivation for this enumeration is given in [7 
If one is only interested in a (lone) pattern occurring at the root of a tree (with no sibling ellipses, so the pattern does not overlap itself), then we have the following tree enumeration (see [7, §3.3] ):
When n = e, this is taken to be 1.
Patterns with Non-leaves
Now we extend (2.1) by incorporating non-leaf patterns . Like a plain triangle △, a dark triangle may also overlap an occurrence of another pattern (at its root), as long as the latter is not ♦. This is why we need dark triangles, and cannot simply use △••• for non-leaf nodes, instead.
For example, the pattern ♦△••• (see Figure 2 (c)) occurs in a tree, such as that in Figure 1 (a), at each node of degree at least three, with eldest child a leaf and youngest not a leaf. The pair of patterns { ♦△••• , ♦}, which includes another leaf pattern, occurs three times in the tree of Figure 1(a) , once for each of the leaves, excluding the eldest child of the root. It occurs a total of 12 times in the 42 five-edged trees, but only in the following five of them:
The composite pattern matches at the high-degree node and the leaf pattern ♦ matches any one of the overlined leaves¯ .
Theorem 4.1. Let p 1 , . . . , p q , q ≥ 0, be various non-leaf non-ellipsis patterns. The number of occurrences among all n-edge ordered tree of n i of each of the patterns p i and of ℓ ≥ 0 leaf patterns ♦ is
where e is the total number of edges in the patterns, d is the number of plain triangles △ appearing in them, t is the number of dark triangles , s is the number of ellipses ••• , u = n + d + t − e + 1, and m = Σn i . NB If e = n, the last factor is taken to be 1. ways.
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(6) Graft the u − k patterns into one tree, and apply the Cycle Lemma factor of 1 u−k , since there is only one cyclic permutation that grafts into a tree (inserting each pattern on the cycle into the closest available triangle slot preceding it). Summing for k gives the result. Example 4.2. As a trivial example, with no patterns, this formula counts ordered trees with n edges, by summing the number of trees with k = 1, . . . , n + 1 leaves, since a tree has only one occurrence of an empty pattern set. Letting q = m = e = d = s = t = ℓ = 0 and u = n + 1, we obtain
the nth Catalan number, C n . Each term 1 n n k−1 n k in the sum is a Narayana number [16] , and represents the number of n-edge k-leaf trees, as shown in [6, 17] . Remark 4.3. Suppose there are no dark triangle subpatterns (t = 0, u = n + d − e + 1). Then (4.1) reduces to (2.1), but with an additional n q+1 = ℓ occurrences of the leaf pattern: m n 1 , . . . , n q u − 1 ℓ
When the patterns account for all the leaves (as, for instance, when they account for all n + 1 nodes), the sum only contributes the k = ℓ term, and (4.1) simplifies to:
When they also account for all edges (n = e, u = m + ℓ), we get the following mild extension of (3.1):
with an added factor for the d ℓ ways of filling ℓ of the d unrestricted slots with leaves.
Example 4.4. The number of binary trees with i internal nodes and j left leaves is also counted by the Narayana numbers, as is clear from the standard correspondence [14, Sect. 2.3.2] between ordered trees with i edges and binary trees with i internal nodes. Let there be n 1 = j patterns ♦△ , n 2 = t = i − j patterns △ , and ℓ = i + 1 − j leaf patterns ♦. Then put d = i, n = e = 2i, and s = 0 (hence, m = i and u = 2i − j + 1) in the formula. Only k = ℓ contributes to the sum, and the last factor in Eq. (4.2) is −1 0 = 1, so we get:
Example 4.5. The number of ordered trees with n edges, k leaves, and j leftmost (that is, "eldest") non-root internal nodes (out of a total of n − k non-root internal nodes), is counted by n 1 = j patterns p 1 of the form ••• , n 2 = n + 1 − j − k of the form p 2 = ♦••• (for the internal nodes not covered by p 1 ), and ℓ = k − n 2 = 2k + j − n− 1 leaf patterns (for the leaves not in p 2 ). Putting m = e = s = n− k − 1, t = j, d = 0, and u = j + k in (4.2), we have
.
for the number of trees with j leftmost internal nodes, not counting the root, and i − 1 non-leftmost ones. The tree in Figure 1(a) , for instance, has one non-leftmost internal node, but no leftmost ones (other than the root).
Example 4.6. Looking back at Example 3.2, suppose we wish to count left leaves separately. Let there be n edges, j left leaves, ℓ other leaves, and y unary nodes. We must, therefore, distinguish between internal nodes with left leaves, and those without. If x is the number of unary nodes with a lone-leaf child, then we want ℓ loose leaves ♦, x occurrences of ♦ , y − x of , j − x of ♦△••• , and n + 1 − y + x − 2j − ℓ of △••• , making m = n − j − ℓ + 1, e = 2n − 2j − 2ℓ − y + 2, d = s = n − j − y − ℓ + 1, t = n − 2j − ℓ + 1, and u = n − j + 1. Summing over x, and letting r = j + ℓ be the total number of leaves and s = n + 1 − r, the number of internal nodes, we get
Up and Down Steps
By the standard correspondence between binary trees and Dyck (non-negative lattice) paths (or bridges) [17] , the number of paths from (0, 0) to (m, m) not crossing below the baseline (grid diagonal), with exactly j occurrences of the lattice pattern udu (a step up, u, followed by a step down, d, and another step up), as counted in [22] , is the same as the number of occurrences of binary nodes that have j left leaves with a non-leaf sibling amongst binary trees with m internal nodes. For example, the lattice path in Figure 1 (c) has 3 occurrences of udu, drawn sideways as րցր, corresponding to the first (reading left to right) three left leaves in Figure 1(b) .
We can count these tree patterns by using Eq. (3.1), taking n 1 = j patterns ♦△ for internal nodes with a left leaf, n 2 = i of ♦♦ for "double" leaves (internal nodes with two leaves), n 3 = m + 1 − j − 2i of △♦ for internal nodes with a right leaf, and n 4 = i − 1 for the rest △△ , for a total of m patterns (e = 2m, d = m− 1), and 1 m m j, i, m − 2i − j + 1, i − 1 occurrences. Since the patterns account for all the internal nodes of the tree, no triangle subpattern △ can be filled by anything but another binary node.
Summing over all i, we get:
for the number of binary trees with m binary nodes, j of which have have a left leaf child and right non-leaf. For m = 5 and j = 3, there are This enumeration is equivalent to the formula Alternatively, we can apply Eq. (4.1) with n 1 = j patterns ♦ for internal nodes with a left leaf and right non-leaf, n 2 = i double-leaf patterns ♦♦ , and n 3 = m − j − i of △ for the remaining internal nodes, for a total of m patterns
as before.
A low-level occurrence of a lattice pattern, like udu, means that one end of each u and d step touches the baseline. For example, the lattice path in Figure 1(c) has two low occurrences of udu (the first two such occurrences). To count these, we use, this time, the standard correspondence between paths and ordered trees [21] , in which the two low occurrences in Figure 1 (c) corresponding to the two first leaves in Figure 1(a) .
For paths from (0, 0) to (n, n) with j low occurrences, we need to count nedge trees with exactly j non-youngest (i.e. non-rightmost) leaves sprouting from the root. 
Young and Old Leaves
The number of ordered trees with n edges, i old (leftmost) leaves, and j younger (non-leftmost) leaves is given by Eq. (4.2), with n 1 = i nodes ♦••• with eldest leaf, n 2 = t = n + 1 − 2i − j nodes ••• with non-leaf eldest, m = e = s = n − i − j + 1, d = 0, and u = n − i + 1 (all leaves are accounted for):
The above formula counts trees, since all nodes are covered by the m patterns and j leaves. It is equivalent to the enumeration in [4, Prop. 2.1], namely:
There, a tree-grafting proof, based on [3] , and similar to the idea in [7] that has been reused here, is provided. The tree in Figure 1 (a) is one of the 1 5 5 2,1,2 = 6 five-edge trees with 2 old leaves and 2 younger ones.
Summing the formula for all i gives the total number of n-edge trees containing j non-eldest leaves:
By Lemma 2.2, a tree with i left leaves and j non-left ones has i − 1 non-left interior nodes and n − 2i − j + 2 leftmost ones. Letting r = n − 2i − j + 2 and s = i − 1, we get that there are 1 n n r − 1, s, s + 1, n − 2s − r trees with n edges, r leftmost interior nodes, and s non-left ones, and that there are a total of 1 n n r − 1 s n − r + 1 s, s + 1, n − 2s − r n-edge trees with r leftmost internal nodes and any number of non-left ones.
Odd and Even Levels
The Narayana numbers, 1 n n s n s − 1 , also happen to count the number of ("bicolored") n-edge ordered trees with s nodes (leaves or internal) on its odd levels (the root's children, great-grandchildren, etc.) [23] . For example, s = 3 in Figure 1 trees with s odd nodes, including y leaves, and r = n + 1 − s even nodes, ℓ of which are leaves. For example, y = ℓ = 2 for the tree in Figure 1(a) .
In [6] , we gave a bijection between n-edge ordered trees with ℓ leaves and those with ℓ internal nodes. If we apply this idea to even levels but leave odd levels intact, we get a bijection defined as follows:
m . This maps n-edge trees with j even internal nodes, ℓ even leaves, and y odd leaves to n-edge trees with j left leaves, ℓ non-left leaves, and y unary nodes (as can be seen by induction). It also explains why the Narayana numbers count trees with a given number of odd (even) nodes, as they do trees with a given number of internal nodes (leaves). See Example 4.2.
More generally, odd nodes are mapped via this bijection to internal nodes with one additional child (and even nodes to leaves). Thus, statistics for the distribution of node degrees can be applied to the degrees of odd nodes-with an offset of 1. For example, since the average degree of an internal node is 2n/(n + 1) ≈ 2 [6, Cor. 2.2], the average degree of all odd nodes (leaf or internal) is 2n/(n + 1) − 1 = (n − 1)/(n + 1) ≈ 1.
It also follows that the average degree of even nodes is exactly 1:
average even degree = odd nodes even nodes = internal nodes leaves = 1 .
The second equality is on account of the above bijection; the third, by that in [6] . Applying this bijection and using Lemma 2.2, we arrive at the conclusion that the formula of Example 4.6, viz.
also counts trees with s odd nodes, r even nodes, y odd leaves, j even internal nodes, k = s − y odd internal nodes, and ℓ = r − j even leaves, rederiving the enumeration in [5] .
Up-Down-Ups, Younger Leaves, and Even Leaves
It should come as no surprise at this point that the same number, namely (⋆) 1 n n i, i − 1, j, n − 2i − j + 1 , counts (a) ordered trees with n edges, i old leaves, and j younger ones (see Section 6 and [4] ); (b) binary trees with n internal nodes, i internal nodes with two leaves, and j internal nodes with a leaf only on the left (Section 5); (c) Dyck (non-negative lattice) paths with n u's, n+1 d's, i udd's, and j udu's, where the extra d is always placed at the end of the path and cannot affect the udu count (cf. Section 5 and [22] ); (d) ordered trees with n edges, i even internal nodes, and j even leaves (cf. Section 7 and [5] ); as well as (e) ordered trees with n edges, j eldest (non-root) internal nodes, and i − 1 younger internal nodes (Example 4.5).
Just consider the standard correspondences [14, 6, 21] , under which a left-leaf (or, symmetrically, a right-leaf) in an ordered tree, a double-leaf in a binary tree, and a lattice-path sequence udd all correspond to each other, as do a non-left (or nonright) leaf in an ordered tree, a lone left-leaf in a binary tree, and a path sequence udu. For the correspondence (d) to the distribution of nodes on even levels, use the bijection of Section 7, matching even internal nodes with old leaves and even leaves with younger leaves. For correspondence (e), recall (from Lemma 2.2) that left leaves match non-left internal nodes, and non-left leaves are one fewer than left internal nodes.
Rewriting formula (⋆) in terms of a total of ℓ = i + j leaves in an n-edge ordered tree, i of which are leftmost, we get 1 n n i n − ℓ i − 1 n − i n − ℓ .
Summing over all i gives the Narayana numbers, 1 n n ℓ n ℓ − 1 , for trees with n edges and ℓ leaves (leftmost or otherwise), which, in turn (see Example 4.2), add up to the Catalan number,
for n-edge ordered trees with any number of leaves.
